The velocity distribution of a hot ionic beam is filtered with a narrow stimulated Raman process to prepare a colder sub-ensemble. Using two counter-propagating, far detuned lasers, we can define a π-pulse for the resonant velocity to transfer atoms within the linewidth of the Raman resonance between the ground-states of a Λ-system. Spontaneous emission from the two single-photon resonances, as well as the ground-state decoherence induced by laser noise, diminishes the efficiency of the filter. From a comprehensive master equation, we obtain conditions for the optimal frequency pair of the lasers and evaluate the filter performance numerically, as well as analytically. If we apply this analysis to current 40 Ca + ion experiments, we obtain a sensitivity for measuring high ion acceleration voltages on the ppm level or below.
I. INTRODUCTION
"The wonderful blue opalescence of the mediteranean sea" is one of the phenomena that Chandrasekhara Raman attributes to the effect he discovered [1] [2] [3] , a century ago. Inelastic two-photon scattering, as we know it today, has found innumerable applications from solidstate spectroscopy, enhanced microscopic imaging [4] to actively cooling atoms with velocity selective coherent population trapping [5] . It is our aim to extend the use of Raman transitions for spectroscopy on fast ion beams with several keV kinetic energy. We propose a Raman velocity filter to selectively prepare the population of a metastable state for subsequent precision spectroscopy.
A. Motivation
In the context of fast ion and atom beams, collinear laser spectroscopy [6] [7] [8] allows us to perform investigations of optical transitions with high resolution and sensitivity. The salient feature is the kinematical compression of the velocity width due to the electrostatic acceleration that reduces the Doppler width of initially hot thermal samples to the typical natural linewidth of allowed optical dipole transitions [6] . This and the fast transport of the ions makes it the ideal tool to study short-lived isotopes with lifetimes in the ms range that are produced at on-line facilities [9, 10] . Such investigations are usually performed to determine nuclear ground state properties like spins, charge radii and electromagnetic nuclear moments [10] [11] [12] [13] . Collinear laser spectroscopy has also been used for ultratrace analysis of long-lived isotopes at very low abundance [14] and was proposed as a technique to measure high voltages U with very high precision by Doppler velocimetry [15] [16] [17] . * Antje.Neumann@tu-darmstadt.de While the kinematical compression of collinear laser spectroscopy can produce spectra with resolution close to the limit of the natural linewidth, this is not always the case. Especially if the ions are generated in a plasma, e.g. in an electron-cyclotron resonance source, or in a region with strong electric fields like a liquid metal ion source, a substantial residual broadening can remain. Moreover, the ground state of the ion is not always the most appropriate initial level for the spectroscopy. An excited metastable level might be better suited for the purpose of an experiment. For example, if the transition from this level can provide atomic hyperfine fields with better accuracy or a higher angular momentum provides the possibility to determine the nuclear spin. In such cases population transfer has already being used for collinear laser spectroscopy [18] but only while the ions are stored in a linear Paul trap filled with buffer gas to accumulate and store the ions. Pulsed lasers address ions of all velocity classes and efficiently excite them into a higher lying state that has a decay branch into the metastable state to be addressed by collinear laser spectroscopy after ejection from the trap. Such a scheme often suffers from various decay paths into a multitude of levels after the resonant excitation. In a Raman transition, population is transferred between two levels without real occupation of a third level with potential leakage into dark states. To our knowledge, only a single experiment reported a Raman transition in collinear laser spectrosopy so far: In [19] a transition between two hyperfine components of Y + was induced using a single laser beam which was frequency modulated with an electro-optic modulator.
Here, we theoretically investigate the possible use of Raman transitions in collinear laser spectroscopy to selectively transfer ions from the ground state to a higher lying metastable state. Beams from different lasers have to be used to bridge the large excitation energy. We are particularly interested in the usage of the Raman scheme as a velocity filter to prepare ions with a very narrow velocity distribution in an excited state to perform afterwards high-resolution collinear laser spectroscopy on this Figure 1 . Three-level energy diagramm for 40 Ca + . Laser 1 induces eg-transitions with ωeg = ωe − ωg and laser 2 couples the em-transition with ωem = ωe − ωm. In the rest frame of the ions, we define a one-photon detuning ∆ = ω ′ 2 − ωem and a two-photon detuning δ = ω ′ 1 − ω ′ 2 − ωmg with respect to the Doppler-shifted frequencies ω ′ 1 , ω ′ 2 given by Eq. (2) . The spontaneous decay rates Γeg and Γem couple the excited state |e to the ground |g and metastable state |m . Further, laser noise induces ground state decoherence with rates Γgg, Γmm. excited population. As a first potential application for such a scheme, we have addressed high-voltage measurements using Ca + ions. We investigate the influence of interaction time, atomic velocity, laser linewidth and laser intensity on the excitation efficiency. Our results suggest that Raman transitions can be used with the available laser beams to considerably improve the measurement accuracy with Ca + ions for high-voltage measurements. This approach will be tested experimentally in the near future and might become the basis for further improvements of laser-based high-voltage measurements, which is of great interest for several applications like, e.g., the neutrino mass measurement at the KATRIN experiment [20] [21] [22] .
B. Spectroscopic high-voltage measurements
Recently it has been demonstrated that an accuracy s = ∆U/U of at least a few ppm can be reached for high voltages up to 20 kV [23] in laser spectroscopic high-voltage measurements. This is very close to the performance of the world's best high-voltage dividers [20, 21] . In the corresponding measurements two transitions in calcium, shown in Fig. 1 , have been employed: The |g = (4s 2 S 1/2 ) → |e = (4p 2 P 3/2 ) resonance transition was first used to transfer population from the ionic ground level into the metastable level |m = (3d 2 D 5/2 ) via a sequential stimulated absorption and spontaneous emission cycle. For this process laser 1 is counterpropagating to the ion beam and the laser frequency determines the longitudinal velocity of the ions required to match the Doppler-shifted resonance condition. Afterwards, the ions are accelerated and the velocity of those ions that are in the metastable state is determined with a second laser tuned to the Doppler-shifted |m → |e transition. The resonance is observed using the fluorescence light emitted in the subsequent decay into the ground Figure 2 . Two counter-propagating lasers with wave-vectors k1 = −k1ez and k2 = k2ez interact with the ions, which move with velocity v = vez parallel to laser 2. Wave-numbers and scalar velocities are positive quantities ki, v > 0.
state. The frequencies in the laboratory frame of both lasers are measured with a frequency comb and are used to calculate the shift in frequency and the corresponding acceleration voltage.
While a s = 5 ppm uncertainty level has been achieved by now, we are investigating other approaches that promise even higher accuracy for high-voltage measurements. One of the critical issues using the Ca + ionic beam is the remaining transverse emittance of the beam. Due to the 23-MHz width of the resonance transition, ions with small angles relative to the laser beam direction, might also be excited and the angle with respect to the laser beam might be changed during the acceleration with the high-voltage to be measured. Even though measures to avoid this have been taken: The ion optics of the acceleration region has been designed to suppress such effects by accelerating in the focal region and shaping the beam afterwards again into a beam with similar parameters (size and opening angle) as before. A second point is that several excitations are often needed to transfer the ion from the ground state to the metastable state, which is accompanied by uncontrollable recoil effects due to the momentum transfer in absorption and emission.
C. Raman velocimetry
Here, we elaborate on the possible use of Raman transitions between |g and |m by applying a co-and a counter-propagating laser beam, as depicted in Fig. 2 , to reduce corresponding uncertainties with the existing excitation scheme. The advantage is that the selectivity of the narrow Raman transition with respect to the atoms initial velocity as well as to the angle between the laser direction and the atoms movement is considerably higher than for the allowed dipole transitions used so far. This will provide a better control on the initial conditions of the atoms prepared in the metastable state before the acceleration. The theoretical treatment is based on the experimental boundary conditions at the "Collinear Apparatus for Laser spectroscopy and Applied Sciences" (COALA) at TU Darmstadt, where the previous highvoltage measurements were performed. However, the derived models are universally applicable to three level Λsystems together with fast atomic motion.
D. Structure of the article
This article is organized as follows: In Sec. II, we present the experimental setup and formulate an appropriate master-equation in the classical kinetic regime in Sec. II B. Sec. III contains analytical models and their results for the population transfer into the metastable state, matching the numerical results. Therewith we can answer the question if the achieved transferred population into the metastable state is sufficient for the realization of optical high-voltage measurements with spectroscopic precision.
II. ION-LASER INTERACTION
The Raman spectroscopy is formed with two counterpropagating laser beams that interact with 40 Ca + , moving with velocity v in the same direction as laser 2, as depicted in Fig. 2 .
A. Ionic velocity distribution
In the beam line, ions get accelerated by a high voltage U . For the typical value U = 14 kV, one can estimate the mean velocityv from energy conservation
For singly charged 40 Ca + , one findsv = 260 km s −1 = 8.7 × 10 −3 c, which is much smaller than the speed of light c and justifies a non-relativistic treatment. Due to technical reasons, the ensemble emerges with an artificial velocity distribution f (v), which is depicted in Fig. 3 . It exhibits an initial residual velocity spread ∆v i =10 m s −1 to 100 m s −1 (FWHM). The spectroscopy is performed in an interaction zone of length L = 1.2 m. This gives a mean transit timeτ = L/v = 4.62 µs. Due to the velocity spread, an interaction time spread ∆τ /τ = ∆v i /v arises. For the maximal velocity width ∆v i = 100 m s −1 , one finds ∆τ = 1.7 ns, which is negligible. In the short time of the spectroscopy pulse, we can neglect binary interactions or other charge effects.
Due to the large momentum uncertainty m∆v i ≫ k i compared to the photon momentum recoil, we disregard mechanical light effects. Therefore, the position z and the momentum of the particle p = mv can be treated as parameters. Consequently, observables are obtained by static averaging over the initial phase-space distribution. At first, we will assume the laser and the ion beam are spatially homogeneous. This is rectified in Sec. III C 3, when we consider spatial variations. Figure 3 . Ionic velocity distribution f (v) vs. velocity v with mean velocityv and width ∆vi (dash-dotted). Superimposed are the initial growth rate rm (16) (dotted) of the metastable state's population from perturbation theory and the exact stationary solution ρ ∞ mm (B4, B5) (solid), which exhibit resonances at v1, v2 and vR. Please note, the velocity distribution emerging from the accelerator is rather flat topped.
B. Optical Bloch equations
We assume a closed three-level system for the electronic structure of the ions, consisting of the ground state manifold (4s 2 S 1/2 ), the excited state (4p 2 P 3/2 ) and the metastable state (3d 2 D 5/2 ), depicted in Fig. 1 . The lifetime τ mg = 1.168 (7) s [24] of the metastable state is much longer than the duration of the spectroscopy and therefore it is considered as stable. Further calcium data and laser parameters are provided in Tabs. I, II.
To model the interaction, we use the rest frame of an ion moving with velocity v. Thus, the lab frame laser frequencies get Doppler-shifted
using the vacuum dispersion ω i = ck i . Furthermore, we assume that the ions and lasers propagate exactly in z-direction with no relevant transversal inhomogeneity. This leads to an effective one-dimensional description with the effective Λ-Hamilton matrix
It is based on the electric dipole interaction in the rotating wave approximation [25] with basis states sorted as i ∈ {g, e, m}. The strength of the dipole interaction is measured by the Rabi frequency Ω i = −ǫ i d ge E i / , with dipole matrix element d ge , laser polarization ǫ i and electric field amplitude E i . The detuning of laser 1 (∆ 1 ) and laser 2 (∆ 2 ) define the one-(∆) and two-photon detuning (δ), following from the energy diagram in Fig. 1
denoting transition frequencies as ω ij = ω i − ω j . In here, we will frequently consider the limit of weakly saturated transitions. This is conveniently captured by the saturation parameter s i = |Ω i | 2 /2∆ 2 i ≪ 1. From second order perturbation theory of the Schrödinger equation Hw i = ∆ i w i (3), one obtains the ac-Stark-shifted eigen frequencies
and
). An ensemble of ions interacting with lasers in free space establishes an open quantum system and must be described by a master equation for the semi-classical density operatorρ(t; z, v)
with the Lindblad operators (cf. App. A)
The first term of the master equation describes the coherent dynamics. The second and third term represent spontaneous transitions to the ground |g and metastable state |m with decay rates Γ eg and Γ em , respectively. The forth and fifth term consider ground state dephasing due to finite laser linewidths Γ gg of laser 1 and Γ mm of laser 2 [26] [27] [28] [29] [30] [31] . If one represents the master equation in a basis and arranges the matrix elements of ρ = (ρ ij ) as a list accordingly (c.f. App. B), one obtainṡ
Explicitly, these optical Bloch equations (OBEs) reaḋ
for the populations and for the coherences
with composite rates Γ = Γ eg + Γ em , Γ 1 = (Γ + Γ gg )/2, Γ 2 = (Γ + Γ mm )/2 and γ = (Γ gg + Γ mm )/2.
C. Resonance conditions
The objective for using the stimulated Raman transition is to filter a velocity group v R from the ionic ensemble with a resolution below the natural linewidth. From energy conservation (cf. Fig. 1 ) and (5) , one obtains the kinematic condition for the two-photon resonance as
Thus, the Doppler-shifted laser frequencies must match the ac-Stark-shifted transition frequencies of the ground states (5) . This defines the Raman resonance velocity
where v R,0 = −δ 0 /(k 1 +k 2 ) is the dominant contribution, and approximate around the Raman resonance
within the limit of weak saturation. It is interesting to recognize the magic spot |Ω 1 | = |Ω 2 |, where second order energy shifts cancel in (12) . There are also two rogue resonances at velocities v 1 , v 2 , where each laser couples resonantly to the excited state
Width and strength of the resonances are determined by the Bloch equations (8) . From the linkage pattern of Fig. 4 , one obtains three pathways to reach state |m , starting at |g . Perturbatively, the initial growth rate r m =ρ mm (t = 0) reads (c.f. App. B)
where we generalize the saturation parameter from the coherent limit to
now broadening the resonances. The first two resonances occur spontaneously at ∆ 1 = 0 and ∆ 2 = 0, while the last two describe the stimulated Raman process at δ = 0. Due to laser noise, it acquires the finite linewidth γ.
This rate r m is schematically depicted in Fig. 3 together with the stationary solution ρ ∞ mm (B5), also derived in App. B. The narrow stimulated Raman resonance at v R , is clearly distinguishable from the resonance of laser 1 at v 1 , where |e gets populated followed by spontaneous emission into |m . This process limits the velocity determination, due to the broad tail. Therefore, it is called the rogue resonance in the further course. In contrast to the initial rate r m , the stationary solution ρ ∞ mm suppresses the resonance at v 2 , because stimulated emission is compensated with stimulated absorption.
D. Isolating resonances
The positions of the resonances are controlled by the laser frequencies. Obviously, the Raman resonance at v R should be within the ion velocity distribution, also depicted in Fig. 3 . In contrast, the rogue resonances should be spread far apart. Therefore, we want to determine laser frequencies, such that the resonance separations
are maximized. First, for a given v R,0 (12), one obtains a linear frequency relation
where we disregard ac-frequency shifts, deliberately. Second, the distances between the resonances
are now functions of ω 1 , which is depicted in Fig. 5 . The requirement of positive laser frequencies ω 2 (ω 1 ) > 0, leads to a lower limit for ω 1 > ω mg /α + . For ultraviolet to near-infrared frequencies |β 2 | > |β 1 |. Therefore, we only need to maximize the distance β 1 , within the range −α + < β 1 < α + ω em /ω mg . For detunings |∆ 1,0 | < THz, the hyperbolic shape of the distance
is almost linear. Then, the maximal distance of β 1 is only limited by the available laser powers and interaction time. The time should last at least for one π-pulse t π (32) of a Raman transition, where maximal population transfer is achieved. This time will be derived in the next section and is proportional to the Doppler shifted one-photon detuning ∆ and anti-proportional to the laser power. Therefore, ∆ is also depicted in 
III. TIME RESOLVED POPULATION TRANSFER
In principle, we want to optimize the population transfer from the initial state |g to the metastable state |m . Therefore, the velocity averaged quantum expectation value of the observableσ mm
should be maximized. The uncertainty of the voltage measurement is defined by the logarithmic derivative (1)
The smallest uncertainties are obtained for minimal velocity widths ∆v of the metastable state's population. Both objectives require the solution of the OBEs (8)
for each velocity within the distribution f (v). Here, Λ i are the eigenvalues and V (v) the eigen-matrix of the Liouvillian matrix L(v).
We have implemented a numerical procedure to solve these equations for all velocities and obtain averages. We refer to this as the exact solution. However, in order to get insights in the underlying physical mechanisms, we will discuss in the following simple approximations that match the exact solution very well. These approximations emphasise the relevance of the individual processes contributing cumulatively to the exact result.
A. Stimulated Raman transition
For far detuned lasers ∆ ≫ Γ i , the excited state stays nearly unpopulated, and spontaneous emission is not an issue. Hence, in a small regime around the resonant velocity v R , the dynamic can be approximated by an effective two-level system, consisting of the ground and metastable state. This describes the process of the stimulated Raman transition.
We are dealing with laser linewidths γ ∼ 10 2 kHz, much larger Rabi frequencies Ω i ∼ 10 2 MHz and even larger one-photon detunings ∆ 0,i ∼ (10 2 − 10 3 ) GHz. Around the Raman resonance, the two-photon detuning δ is very small, leading to the inequality
We will frequently make use of this relation.
Coherent dynamics
The ideal coherent dynamic is described by the Schrödinger equation
with |ψ = ψ g |g + ψ e |e + ψ m |m and using the Hamilton matrix (3) . In order to apply the standard adiabatic elimination methods [32] to eliminate the tiny excited state population usingψ e ≪ ∆ψ e , we have to transform to another frame. This is accomplished by introducing the frequency shift ̟ = ∆+δ/2, leading only to an unobservable, global, dynamical phase. The resulting effective two-level system reads
with the Raman Rabi frequency and the ac-Stark shifts
using (26) . The two-level dynamics (28) can be solved by diagonalization (24, 25) . For the initial condition ψ g (t = 0) = 1, the metastable state's population reads
with the effective detuning δ(v) (11) . For weak saturation solution (30) can be simplified
using (13) . Fig. 6 shows Rabi oscillations of the population of the metastable state for the resonant velocity m(t, v = v R ) together with its velocity average Three different laser parameter sets, listed in Tab. II, are compared, demonstrating the essential impact of different laser frequencies and powers. Parameter set (A) and (B 1 ) generate a π-pulse for the experimental transit timeτ = 4.62 µs. For the resonant velocity (d = 0) a complete population transfer is achieved. Applying (31) to (30) , we obtain the π-pulse duration t π,0 ≡ t π (γ = 0) = π |Ω R | .
Parameter sets (A) and (B) differ in the laser frequencies, resulting in vastly different distances between the stimulated and the spontaneous Raman resonances β
1 , as mentioned in section II C. However, this does not affect the Rabi oscillations and m(t, v) v , because for the purely coherent population transfer via the Raman transition the spontaneous one is not an issue at all. Parameter set (B 2 ) provides the same laser frequencies as (B 1 ), while the maximum laser power, available in the experiment, is applied. Therefore, m(t, v) v is slightly enlarged, effectively due to power broadening. This is apparent in Fig. 7 , depicting the velocity dispersion of the metastable state's population after a π-pulse. Using (31, 32) this population reads (12).
We define the velocity width (FWHM) of m 0 (33) by the first zero of the sinc-function
For maximal laser power ∆v(t π ) increases from ∆v (B1) (t π = 4.62 µs) = 0.05 m s −1 [0.05 m s −1 ] to ∆v (B2) (t π = 0.68 µs) = 0.32 m s −1 [0.34 m s −1 ], where the results of approximation (34) are displayed in brackets and provide very good predictions.
Finite laser linewidths
For finite laser linewidths, the ground state decoherence must be considered. Adiabatic elimination of the fast coherences ρ ge , ρ me in the OBEs (9, 10) leads to the following equations of motion in matrix representatioṅ ρ = Lρ with
Furthermore, we neglect the spontaneous emission rates as well as population of the excited state. In addition, we exploit inequalities (26) . Applying the initial condition ρ gg (t = 0) = 1, leads to the solution for the population of the metastable state
The stationary solution approaches lim t→∞ m R = 1/2. The complex, velocity-dependent frequency and damping rate θ, ϑ as well as the coefficients A, B, C define damped oscillations (cf. App. D).
3. π-pulses for underdamped oscillations Solution (36) includes regimes from underdamping to overdamping, depending on the ratio η = √ 3|Ω R |/γ. For η > 1 and v = v R , the coefficient C(v R ) = 0. The oscillation frequency θ and damping rate ϑ are real. In order to maximize the population transfer, we define a πpulse time t π for the resonant velocity v = v R from the conditionṁ R (t π , v R ) = 0 and obtain
, using (31). In the limit γ = 0, we recover t π,0 (32). For t π , an upper bound for the velocity width of m R (t π , v), given by the FWHM of
where ζ 2 = γ 2 (η 2 − 1)/3 and D, E are velocityindependent functions, given in App. D. We get
Together with the lower bound, provided by the limit of vanishing laser linewidths ∆v 0 (34), the width is constrained by
for arbitrary η > 1.
Limit of large laser linewidths
In the limit t ≫ 1/γ of large laser linewidths and long interaction times, the populations of the ground and metastable state can be approximated with the solutions of the rate equations derived from (35) with adiabatic elimination, usingρ gm ≪ γρ gm
The decay rate r = γ|Ω R | 2 /(γ 2 + d 2 ) < r 0 = r(d = 0) involves approximation (31) and the solution reads
The velocity width of m RE follows with ∆v RE (t) = 2γ k 1 + k 2
where ∆v RE (t) ≥ γ/(k 1 + k 2 ) ∀ r 0 , t. The presented rate equation limit is a good approximation, when the transient part (36) vanishes, which is the case if γt ≫ 1, because γ/2 ≤ ϑ < γ.
π-pulses for overdamped oscillations
For η < 1, the solution (42) is overdamped with m(t) < 1/2 ∀ t . Therefore, we define the time of a πpulse, when m(v = v R ) is saturated after several decay times t π = n/r 0 with n > 1. We choose n by the condition lim η→1− n/r 0 = lim η→1+ t π with t π (η > 1) from equation (37), leading to
B. Spontaneous Raman transition
The atomic transition between the ground and the excited state can be coupled resonantly, depending on the frequency of laser 1 and the ion velocity. In this limit, the population transferred into the metastable state can be approximated with the solution of the rate equations for ground, excited and metastable state, approximating the steady state of all coherences. Therewith, the OBEs (9, 10) simplifies to
. Additionally, we approximate ρ gm (t) ≈ 0, being important only in the regime of the transfer via the Raman transition. For t > 1/Γ the population of the metastable state reads
C. Maximizing the population transfer
After studying the individual population transfer into the metastable state via the stimulated Raman transition (36) and the spontaneous population transfer (46) separately, we will analyse the total population transfer now. We assume that we can incoherently combine both processes, as long as they do not interfere. The ad hoc analytical ansatz
superposes the populations such that m ana (t π,0 , v R ) = 1.
Vanishing laser linewidths
Using the numerical solutions of the OBEs (9), (10), we can calculate the population distributions over a wide velocity range, depicted in Fig. 8 = 1200 m s −1 , is clearly distinguishable from the narrow Raman resonance at ν
Obviously parameter sets (B) are more favourable, because here it can be ensured that for wider velocity distributions of the ions the transferred population into |m remains less influenced by the tail of the rogue resonance as for (A). However, for all parameter sets there is indeed a small deviation to the reference (30), considering exclusively the coherent transfer via the Raman transition. This difference is depicted in Fig. 9 . For (A) the deviation and especially the roughly constant offset besides the Raman resonance is clearly larger than for (B 1 ) and (B 2 ), because β Figure 9 .
Velocity-dependent difference between the metastable state's population, considering (m) and neglecting (m0) spontaneous emission effects, after tπ. ther illustrated comparing the velocity averaged population amount m(t, v) v (22) in Fig. 10 . Already for the as narrow as possible initial ion velocity distribution with ∆v i = 10 m s −1 the effect of the incoherent population transfer is discernible for (A). For ∆v i = 50 m s −1 and (A) the total transferred population is more than twice of the population, transferred via the Raman transition. So for (A) this regime is already unsuitable to properly determine the ion velocity. However, the major portion of m(t, v) v for (B 1 ), (B 2 ) results still from the narrow Raman transition. In addition, the necessary, larger Rabi frequencies are still reachable, viz. this represents a good working regime for a reachable ion velocity width. For parameter sets (A) and (B 1 ) the analytical approximation (47) describes exactly the numerical results. Only for the maximum laser power within (B 2 ) there are tiny deviations after the first π-pulse.
Finite laser linewidths
Taking into account a non-vanishing laser linewidth (γ = Γ gg = Γ mm = 300 kHz ) the velocity selectivity of the Raman transition is significantly affected. On the one hand, their width is enlarged, so the velocity determination is less exact. On the other hand, even for v R the maximum transfer efficiency of almost 100% for t π cannot be reached any longer. Both effects are visible in Fig. 12 (a) , depicting the velocity dependent population of the metastable state after time t π,0 . However, the Raman resonance is still clearly discernible and just as for γ = 0 the analytic approximation (47) can predict the numerical, full solution. We have foregone to plot the results for parameters (A), because they are very similar to (B 1 ). However, the differences are not negligible, becoming apparent in Fig. 13 (a) , where the velocity average m(t, v) v is visualized. Again the analytic approximation (47) gives reliable predictions; only for the maximum laser power and longer times, tiny deviations are visible.
The disappearance of Rabi oscillations, indicates that the applied laser linewidths together with the interaction time are large enough to yield the rate equation limit. Only for (B 2 ) the time of a π-pulse is discernible with t (B2) π = 0.70 µs, slightly different to t (B2) π,0 = 0.68 µs. The width of the velocity dispersion is ∆v(t π ) = 0.42 m s −1 , where the analytical approximations (34) and (39) provide an appropriate range ∆v(t π ) ∈ [∆v 0 (t π,0 ), ∆v ana (t π )] = [0.34, 0.60]m s −1 . The π-pulse times for the other parameter sets t 
depicted in Fig. 13 (e) ,(g), remains larger in comparison to the simulations with γ = 0. The comparison of the parameter sets demonstrates the compelling necessity of a careful choice of laser frequencies, providing a sufficiently large distance between Raman and rogue resonance β 1 , especially for wider velocity distributions of the ions. It is worth mentioning, that the ratio µ decreases with time, more crucial for the idealized scenario with γ = 0 than for γ = 0. Therefore, it is important to carefully choose the interaction time in combination to the laser powers, achieving a significant absolute population amount and simultaneously keep a reliable ratio, optimally µ → 1 but at least µ > 0.5. To identify the maximum laser powers to reach a prescribed maximum uncertainty of the velocity determination, the widths ∆v(t π ) as well as ∆v(τ ) are depicted in Fig. 11 . Indeed, ∆v ana (t π ) (39) provides an upper bound for ∆v(t π ); and due to γτ = 9 ≫ 1, ∆v RE (τ ) (43) matches the actual results ∆v ana (τ ) very well. It is worth mentioning, that the relative deviation between ∆v ana and ∆v of the numerical solution of the OBEs (9), (10), not depicted here, is in the lower singledigit percentage range with no qualitative difference.
Spatial intensity variations
So far we approximate the lasers as plane waves with no spatial dependencies. In reality, they are collimated Gaussian laser beams with beam waist w 0 and
The ions are also spatially inhomogeneous distributed, assumed to be Gaussian with width σ g(r) = 1 2πσ 2 e − r 2 2σ 2 .
We average over the cross-sectional area of the ion and the laser beams, assuming that the respective maxima of 
We solve this integral numerically with Gauss-Laguerre-Quadrature [33] . Finally, the population of |m is additionally averaged over the velocity distribution according to (22) .
We compare two scenarios, were the results are depicted in Fig. 12, 13 . For σ ≪ w 0 , the calcium beam is much narrower than the laser beam, corresponding to the case we assumed so far, all ions experience the same Rabi frequency For σ = w 0 , essentially, m(t π,0 , v, r) r (Fig. 12 ) and m(t, v, r) v,r (Fig. 13 ) are reduced overall.
Further away from the center r = 0, the Rabi frequencies are reduced and therewith v R is shifted. This effect is more crucial, the larger Ω 2 . Averaging over the results for different r, for (B 2 ) the velocity of maximum transfer efficiency is shifted from ν R = −0.17 m s −1 to ν R = −0.11 m s −1 . However, the resonance of the Raman transition is still visible. In addition, the considered spatial intensity variations lead to a small reduction of the ratio µ (48), primarily for (A) and (B 1 ). 
IV. CONCLUSION
Our calculations show, that ion velocity classes with widths as low as 0.2 m s −1 can be transferred into the metastable state via the Raman transition, achieving a significant population proportion (10 −3 −10 −2 ). Thereby it is important to carefully choose the laser frequency combination to ensure that the transferred population into the metastable state originates mainly by the Raman process and not by incoherent spontaneous emission processes, when laser 1 couples resonantly to |e . This also supports an initially narrow ion velocity distribution.
The idealized case of infinitely sharp laser linewidths (γ = 0) and an ion beam much smaller than the laser beams defines the smallest reachable FWHMs of the ion velocity distribution in the metastable state with Considering finite laser linewidths, the analytic approximation for the velocity-and time-dependent metastable state's population m ana (47) match the full numerical solution very well. In addition, the approximations for the velocity width after applying a π-pulse (39) and in the rate equation limit (43) are also suitable. Therewith, almost exact results for large parameter regimes are predicted with simultaneously small computational effort. Moreover, the presented analytical models lead to physical insights, verified by the numerical results.
Finite laser linewidths lead to a significant broadening of the Raman transition. With γ = 300 kHz the velocity width of m is enlarged to ∆v(t π,0 ) = [0.22, 0.22, 0.43] m s −1 , leading to s = [1.7, 1.7, 3.3] ppm, still on the ppm level. Please note, that the width of the distribution does not represent the ultimate limit of the determination of the resonance velocity v R . Therefore, sub-ppm high-voltage measurements are still attainable. The related width in the frequency domain is ∆f = (k 1 + k 2 )∆v/(2π) = [0.8, 0.6, 1.6] MHz, much smaller than the natural linewidth Γ eg = 23.396 MHz. The Raman transition has therefore the potential to provide a significant reduction in uncertainty. Moreover, it avoids additional uncertainties caused by varying and unknown momentum transfers in multiple resonant excitations along the 4s → 4p transition and the subsequent spontaneous decay in the current measurement scheme. The momentum transfer during the Raman transition is very small and exactly defined h(k 1 + k 2 ) 2 /2m = 69 kHz in direction of laser 2. Therefore, it can be taken into account in the analysis process.
In addition, with the velocity acceptance of the Raman transition, we can approximate the maximum angle between ion and laser beams, where ions can be just transferred into the metastable state α ≤ arccos[(v R − ∆v/2)/(v R + ∆v i /2)] ≈ 6 mrad for all parameter sets.
In comparison, the natural linewidth induces a much larger angle α ′ ≤ arccos[(v 1 − Γ eg /(2k 1 ))/(v1 + ∆v i /2)] = 11 mrad.
Spatial intensity variations of both the laser beams and the ion beam mainly reduce slightly (less than an order of magnitude) the transfer efficiency for all velocities. Therewith, the velocity width of the transferred population is approximately not affected. Note, that for maximum laser powers the velocity of maximum population transfer is slightly shifted in comparison to infinite large laser beams. However, considering these experimental imperfections, the resonance of the Raman transition is still clearly identifiable. This demonstrates the feasibility of high-voltage measurements using coherent Raman spectroscopy on the ppm level, under realistic conditions. Finally, high-precision collinear laser spectroscopy from metastable states might also profit from such a Raman velocity filter due to the reduction in Doppler linewidth.
Representing the master equation (6) in the sorted basis {|g , |e , |m } and arranging the matrix elements as linear arrays ρ = (ρ g , ρ e , ρ m ) with ρ i = (ρ ig , ρ ie , ρ im ), one finds the Bloch equation (8) with a Bloch matrix
with δ = ∆ 1 − ∆ 2 . It exhibits the block structure of two coupled two-level systems. The Bloch equations define an initial value problem with ρ(t = 0) = (ρ 0 g , ρ 0 e , ρ 0 m ) = (1, 0, 0, 0, 0, 0, 0, 0, 0). The Laplace transform
is ideally suited to transform the system of differential equations with initial values to an algebraic equation
where G 0 λ (s) = (s − L λλ ) −1 is the resolvent matrix. The formal inversion of the Bloch matrix is facilitated by the block structure and by back-substitution. This leads to the explicit solution
One can find the stationary solution using the final value theorem of the Laplace transformation 
The Laplace transform can also be used to approximate the initial growth rateρ mm (t = 0) of the population of the metastable state. This provides insights into the contributions of different processes of population transfer. Therefore, in Fig. 4 the processes generating population in |m are schematically visualized. Following this scheme and starting initially with the whole population in the ground state, the Laplace transform, considering only the initial processes in perturbation theory, denoted with̺ mm , results iñ The initial growth rate of the metastable state's population is then given by r m = lim s→0 s 2̺ mm (s).
Appendix C: Parameters
Relevant spectroscopic data for 40 Ca + are given in Tab. I, while laser parameters are specified in Tab. II.
The listed Rabi frequency, defining the interaction strength, can be calculated with the total laser power P and the effective dipole moment d eff to [38] 
with the laser beam waist w 0 = FWHM/ √ 2 ln 2, the vacuum permittivity ǫ 0 and the speed of light c. Due to the non-existent nuclear spin of the considered level configurations, there is no hyperfine splitting and consequently the laser interact with the J → J ′ transition. In addition, the lasers are linearly polarized, wherefore they interact only with one (of three) component of the dipole operator and the effective coupling strength is [38] |d eff | 2 = 1 3 | J||er||J ′ | 2 .
The numerical values of the reduced matrix elements, listed in Tab. I, can be calculated from the lifetime [38] 
